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1. Introduction

In the rupers [S, 6] we have studied the properties of pure subrings 4 or invariant
subrings A of a local regular k-algebra B and have tried to find as much as possible
total differentials of the finite differential module Dy (A) of A which form part of
a minimal system of generators of (Dy(A))** - the so-called module of Zariski-
differentials of A. (For the theory of finite differential modules we refer the reader
to the work [7] of G. Scheja and U. Storch.) For example, if the field & has
characteristic zero and the pure extension 4— B, B being regular, is non-degenerate
in a suitable sense, then one can find s=dim A4 (total) differentials in D;(A) which
form part of a minimal system of generators of {D;(A))**. In case there is a finite
group G acting on B with BY = 4, then any minimal system of generators of D (A4)
is part of a minimal system of generators of (D,(A4))**. In this paper we will prove
that this last embedding-property holds for arbitrary normal graded Gorenstein-
singularities over a field of characteristic zero. We use the term ‘graded’ in a sense,
which we will discuss in the following section.

Let k be a field of characteristic zero; a local analytic k-algebra A with
k=k,:=A/m, is called (positively) graded, if there exists a k-derivation J of 4
and a system of generators xi, ..., x,, of the maximal ideal mn,, of A with dx,=m,x,
and strict positive eigenvalues m; e N. We call é a grading derivation of A. The
theory of graded analytic k-algebras has been developed in the works [8-11] of G.
Scheja and H. Wiebe. In general, it is very difficult to decide whether a local
analytic k-algebra is graded or not. G. Scheja and H. Wiebe have given many such
criteria, for example:

1.1. It suffices to require the identity dx;=m;x; modulo m% with m; N, m;>0.
(See Korollar (2.7) in [10}.)

1.2. If A is a reduced complete intersection with isolated singularity, then it is
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enough 1o require tha: there exists a derivation which acts bijectively on m,4 /m’.
{Sce Satz (4.9) in [9])

1.3. If k is algebraically closed and A is a normal domain of d:mension 2, then it
suffices to require thai there exists a derivation of A which acts not nilpotently cn
m,/m>. (See Satz (3.1) in [10].)

A non-un.. 220 of a local graded k-algebra A with grading derivation ¢ and
char k =0 is called homogeneous of degree a, if g is an eigenvector of J with
cigenvalue . Then o is necessarily a positive integer. From [4, p. 144] we obtain
immediately:

1.4. If 1 - depth A, then there exists a homogeneous A-sequence of length t whose
clements are all of the same degree.

2. An embedding-property of the module of Zariski-differentials of a normal
graded Gorenstein-singulariiy

L et us begin with the following lemma:

2.1. Lemma. Let k be a field of characteristic zero and A be a normal, locol graded
analvtic k-algebre with grading derivation 6. Then one of the following assertions
s 1rue.

(a) The canomcal induced map D (A) X4 k.4 (D (AN** X4 k4 is injective.

by The derivaiton o generates a free direct summand of the deriveiion module
(D, of A

Proof. We inay assume dim 4 =2, and we will only use the fact that 4 has depth
=2, There exists an A-linear surjective map D;(A)—m with dx, —m,x;, which we
wiil again call 4. For the corresponding bidual map 8**: (D(AN**—=(m4)**=A
we discuss the following cases:

Gy O** 15 not surjective; then it tollows trom the inclusions

my, o mocIimI**Cm,

that o **map+« "™ CA)** onto m . Since the composite map Dy (A4) = (D, (A))**—m 4
svsurjective and yvoerefore bijective modulo my, it follows that the first assertion
st hold.

tby o (D (AN** .1 is surjective; in this case (m)*=.4* is a direct summand
of (D, ¢-4)* via the dualized map 0*: (m4)*= A* > (D, (A))*. Now, one easily sees
that o*(1)y o, and in this case the second assertion holds.

2.2, Remark. In addinon to the Lemma 2.1 ¢ observe: The grading derivation &
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generates :: free direct summand of (D(A))* if and only if the bidualized map
O*¥*: (D (AN**-r(my)**=A is surjective. The if-part of this statement has been
already proved; the only-if-part is seen as follows: Let 6*: (m4)*— (D, (A))* be the
dualized inap of d:Dy(A)—m, with d*(1)=3. If 6=J0*(1) generates a free direct
summind of (Di(A))*, then 6**: (D, (A))**—(m,)**=A4 must be surjective.

In the two-dimensional case we have:

2.3. Corollary. Let A be as in the preceding lemma with dim A <2 and let w4 be
the canonical module of A; then one of the following assertions is true:

(@) The canonical induced map D (A)R 4 k= (D (A)N**R4 k 4 is injective.

(b) The derivation module (Dy(A))* of A is canonically isomorphic to A-6® w}.

Proof. Let dim A =2; in case (b) of Lemma 2.1 we consider the surjective map
o** (D, (A)N**—A with U:=Kerd**, see Remark 2.2. Then U is reflexive of
rank 1. It suffices to show that U is the canonical module of 4. Since the sequence

0-U—~>(D,(A))**—=A—0
is split-exact, one easily sees that
(D (AN ** = (A'V)**=U**=U,
and (/12(DA.(A))**)**=(AzD,‘,(A))** is the canonical module w, of A.

Now, if in the situation of the preceding Corollary A is a normal local graded
algebra which: is a Gorenstein ring of dimension 2 over a field of characteristic zero,
then assertion (b) cannot hold (and therefore assertion (a) must hold), since in the
Gorenstein case the canonical module w, of A4, and hence wj}, is free, and from
the canonical decomposition (D;(A4))*=A-6Pw} we obtain that the derivation
module (D,(A4))* of A4 is free what (in the graded case) implies that A4 is regular, see
{3,4]. But in the regular case A =k(X,..., X;> we know that =Y ' ,mX;-0,,
and then & is not part of a free basis of (D;(4))* which contradicts the canonical
decomposition (Dy(4)*=A-6Pwi=A4-6@A of condition (b) in the Gorenstein
case.

The following proposition is the main result of this section.

2.4. Proposition. Let k be a field of characteristic zero and A be a local graded
analytic k-algebra which is a normal Gorenstein-singularity.

Then the canonical induced map D (A)X) 4 k4= (D (AN**Q 4 k 4 is injective, i.e.
any minimal system of generators of D,(A) forms part of a minimal system of
generators of (Dy(A))**

Proof. We will show that condition (b) of Lemma 2.1 cannot hold. Assume the con-
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trary and choose an cxample 4 of minimal dimension s =dim 4. We will obtain a
contradiction by coastructing an example of lower dimension. According to the

remarks following Corollary 2.3 we have necessanlys dimA=3.Letd: Dy (A)~m,
in the proof of Lemma 2.1 and let & be a free direct surnmand of rn ({AN*

Ry RFIRSUIE W LIS e QLW IV U u Aiwe WAl WwwWL Swsialiikiirsine W uk\‘ ayy

by assumption. Then it follows from Remark 2.2 that 5**: (D (A))**— A is surjec-
tive. Let aC .1 oe an ideal defining the variety of the singular locus of A. Since 4
s normal, « as codimension =2. Let  be the finite (and possibly empty) set of
prime ideals in 1 of codimension 2 which contain a. If f},..., f; is a homogeneous
Y-segquence with 8/, =af, and ae N, x>0, see 1.4, then by the result (4.6) of H.
Flenner an {1] concerning Bertini-theorems there exists a linear combination

-

f=Yf. cek,
with the following properties:

(1) fea" for all non-maximal prime ideals aCm,.

M felJo.
It follows that o/ - % ¢,df,=Y" | caf, =af, and it is easily seen that the ring
A 4 s normal (since conditions (1) and (2) hold) and satisfies all the hypotheses
of our theoiem. Now consider the composite map

. A
D, (1) D, (A) AN f my—my/fA

of canomical surjective A fA-homomorphisins which we will (by abuse of notation)

dmmg by O !)‘(,‘ )g/‘l)i(:l)ﬂ’m /fA. Similarly we denote the canonical surjective

map ot e A LA DI D AN A fA by S**. For sake of cla ity we de-

note by the s'ummr Hom  ,(-../4). The map **” ((D,,(4))**/f’L),\(A))**)”~’

A /A s surjective, and by the spcual choice of f we obtair. «hat the canonical
¢-1 7-t)-hincar map

i~ bygective, since 1t 1s bijective in all prime ideals of height 2 in A which contain fA4
tobserve £ JO'). We obtain that t@c composite map

(l);g“‘ful);‘(“))" = ((D‘(-.I))** f(D ( 1))**)”-'/'1 )‘-4

v sunedtne and that s restriction on Dy(A)/fD,(4) is the canonical map
S Dl D -smy fA4. It follows that § generates a free direct summand of
(Y 8 Dy, see the proof of Lemma 2.1. Now, let

(70 l)g‘.‘i)/vwl‘[)‘("‘)_’ I)/‘(z“ ’jA)
doenote the canomcal surjection and
o D et ey (DG D)

¢eanomcab mgection. 110740+ 1774 denotes the derivation which is induced
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by &, then ¢'(4) =4, since these maps agree on a suitable sysiem of generators of
D (A)/fD(A):

@'(4)dx; = (4 ° g)dx; = m; - x; = 8(dx,).

Since J is a direct 4/fA-summand of (D, (A)/fD(A)) it follows the same for 4 in
(Dy(A/fA)). This completes the proof of Proposition 2.4.

2.5. Remark. We do not know whether in Proposition 2.4 the condition ‘Goren-
stein’ can be weakened to the condition ‘Cohen-Macaulay’. We have proved Pro-
position 2.4 by showing the (perhaps) stronger assertion that the grading derivation
0 does not generate a free direct summand of the derivation module (D,(A4))* of A,
and hence we have a factorization (see 2.1 and 2.2):

*%

b
Dy (A)= (D (AN** —— my.

The reduction to the two-dimensional case uses not the Gorenstein hypothesis itself,
but only the hypothesis that A is a (normal) Macaulay-ring. So, if one could
disprove a canonical decomposition (D;(4))*=A-6@ w]; in the two-dimensional
normal non-Gorenstein . 1se, too, the assertion of Proposition (2.4) would still be
valid, if one replaces th= hypothesis ‘Gorenstein’ by ‘Cohen-Macaulay’. It seems
likely that in the non-Gorenstein case, too, the grading derivation d cannot span a
free direct summand of (D;(A))*, although, however, by the Lemma of Zariski &
is always part of a minimal system of generators of (D;(A4))* A being a non-
regular isolated singularity; in this case the Lemma of Zariski says that all deriva-
tions of 4 map m, into itself, see, for instance, the remark at the end of Proposi-
tion 2 in [6], and from dem,(D;(A))* we would obtain: mx,=0x, emy, a
contradiction.

3. Invariant subrings

In this section let B be a convergent power series ring over the (valued) field &
and G be a finite group of k-algebra-automorphisms on B with card G being a unit
in k. By Chap. IIl, §3, Satz 2 in [2] there exists a regular system of paramecters
Xi,..., X, of B such that G acts linearily in X, ..., X,. Thus the invariant ring B¢
has the form A =k(F,,...,F,), F; being homogeneous of degree ;. If ¢;#0 in &,
i=1,...,m, then A is a local graded analytic k-algebra. In [5, p. 4] we have shown
that one can find always elements Fy,...,F,e{F,,...,F,} such that F,.... F,
generate a m,-primary ideal in 4 and ¢;#0 in &, i=1,...,r. From this fact we
deduced that there exist s=dim A differentials dF,...,dF, which form part of
minimal system of generators of (D;(A4))**, see also Remark 5 in [6]. In case
char k =0 the following proposition has been proved in [5, 2.7]; for sake of com-
pleteness we include this case here, too.
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3.1. Proposition. Ler G be a finite group of k-algebra-automorphisms on the con-
vergent power series ring B over k and A := BY be the invariant analytic k-algebra.
Assame that one of the following conditions is satisfied:

(1) k has characteristic zero.

(ii) G is abelian and card G is a unit in k.
Then the following asseriions hold:

(1) The car micol induced map D (A)R 4 k 4 (D (AN**®.4 k4 is injective.

(2) The torsion-submodulz of D (A) is contained in m4D;(A).

(3) w(D(AN**= (D (BNY = u(D(A)) + (D 4(B))¢, where ul ) denotes the
minimal number of generators.

Proof. Only assertion (1) has to be proved, since (2) is an easy consequence, and
(3) will tollow from (1) by {5, 2.3]. Let X, ..., X, be a regular system of parameters
of B on which G acts linearily. Since D,(B) is a reflexive A-module, the canonical
map D, (.4)->D;(B) factors through (D, (A))**:

D, (4) = (D, (AN**— D, (B).

Fherefore it only remains to be shown that the canonical induced map
(*, l)/J/”@,k‘"’DA(B)Q_(\/‘k‘

is injective. Let d:D;(B)—~my denote the B-homomorphism with §{d.Y;)=X,. If
A= kCHy, L B,y with F, being a minimal system of homogeneous generators of m
with degree ¢, then the composition

l)k(,-n--*D,\(B)“")** nm——n—' m, with n:=(cardG) 'Y 1
te (s
maps D, (A4) onto (¢, F,,...,c, F,;,)A. Thus in case char & =0 the assertion is true.
Now we will prove the abelian case. In order to prove that the induced map (x)
is injective, we may assume that 4 = 4 and B=B®, A4 are complete. If k' 2k is an
algebraically closed field and A’:=A®, k', then G acts on B :=B®, A’ with
invariant ring 4°. If

D, (AR k3 =D (B)YR 4 k4

ivnjective with Dy (4) =D (A&, A" and Dy (B") =Dy(BY®, A', ¢f. [7, 2.7], it
tollows the same for the map (). Therefore we may assume that & =k’ is algebrai-
cally closed. Then, since G is abelian with caid & being a unit in &, the regular
svstein of parameters X, ..., X, may be chosen in such a way that o/l elements of
G are diagonal operators in X|,..., X,. Thus the maxinal ideal m, of A4 is
minimally generated by monomials M|,...,M,,. Let p: =char k=2. First we show

that the partial derivatives of M, (resp. M,) cannot vanish simultaneously. Let us
dssumie

M, =0:M, = =3.M, =0.
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0=1(M,)-M,=1(MP)—-M?=(1(M)-M)®

and hence (M) =M for all 7€ G, and therefore Mem, and M, = M”em3. This is
a contradiction. We obtain that there exist elements ¢;; € k with

C,'ijza,'Mj'X,', i=l,..‘,S, j=1,...,'n,

where for any fixed index je {l,...,m} there exists an index ie{l,...,s} with
C,'j ¢0
Now assume that there exist elements a;€ A with:

m
lelI - L (l'/‘dAr'l'j €iny D

i-2

J 2.2
)

x(
which impiies
m
B,Mi— E Qja,M,EmiB, !:!.. S.
-2

Let ¢y, #0, then it follows

"

WM - X, ¢l - ¥ aic|OM;- X em - my
7-2

or
m

-1
M, - Z a,cyy - e iMjem,y - mp.
J=2

Now, if we apply the Reynolds-operator (card G) ! ¥ .., T to this relation, we get:

m

1 2
M, - Zﬁajc” ¢\ M, emy,
J=2

which contradicts the fact that the monomials M, ..., M,, are a minimal system of
generators of m,. Thus the abelian case has been proved, too.

3.2. Remark. Let G, B=k<{X,,..., X,y and A =k(F), ..., F,;,) be as in the beginning
of this section and J: Dy (B)—my be the B-linear map with &(dX;)=X,. Since G
acts linearily in X,,..., X,, one easily checks that J is a G-homomorphism, and
therefore

6% 1 (Dr(BNC ~(mp)° =m,

is surjective, too. Now, it has been proved in [5, 2.3] that the canonical map
(D (AN** = (D (B))** = (Dy(B)®

is bijective. Hence we have a surjective map

(Dy(AN**—m,
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whose restriction on D, (A) acts on dF; as (deg F)- F;. In case deg F;#0 in &,

i =

l.....m, we obtain Irom Remark 2.2 that 5| D, (A4) is not a direct summand of

(1. (4AN*. even in case of a non-Gorenstein invariant ring A = B¢, This shows that

anyv

fur her investigaiion of problems raised in Remark 2.5 requires a study of two-

dimensional normal graded non-Gorenstein algebras which are not invariant rings.
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